Diameter-limit cutting of stands in the US northeast is a common practice often thought to give the landowner the highest financial returns. A landowner's decision to diameter-limit cut or use some other harvesting option on a given stand involves examining mutually exclusive investments. Previous research that compared diameter-limit cutting to other harvesting options implicitly assumed these were independent investments. This paper develops analytical models to examine a variety of harvesting options for a single stand, including diameter-limit cutting, as mutually exclusive investments, and with stand and financial parameters defined by the landowner. These models are used to examine implications of changes in the financial parameters for harvesting options. It is found that no simple guidelines can be laid down for choice of harvesting options to maximise the net present value of stands with respect to diameter-limit cutting compared to other harvesting options. The empirical examples reveal that which harvesting option has the largest net present value depends on the parameters of the landowner's stand and the financial parameters chosen by the landowner. The analysis illustrates the importance of understanding the interrelationships between the financial and stand parameters in determining whether a diameter-limit cut is in fact the best financial option for a landowner.
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INTRODUCTION
New York State contains approximately 7.53 M ha of forest, of which 77%, or 5.83 M ha, are owned privately. Nonindustrial private forestland (NIPF) owners own 92% or 5.34 M ha, of the privately held forestlands. The average forestland holding of these NIPF owners is 12.14 ha and they have a short land tenure (Alerich and Drake 1995 , Birch 1995 . NIPF forest owners' principal reason for owning forestland is recreation and aesthetic enjoyment (Birch 1983 (Birch , 1995 . However, situations often arise that require a cash flow that the existing timber inventory may provide, or a logger approaches the landowner with an offer for the timber (Dwyer and Kurtz 1991) . Evidence indicates that timber harvesting on these lands often involves a diameter-limit cut (Nyland 1992 , Fajvan et al. 1998 .
Diameter-limit cutting is defined as the removal of all merchantable trees above or below a specified diameter at breast height (DBH), possibly varying with species, with or without the cutting of some or all cull trees (Helms 1998) . The most common approach is to remove all the merchantable trees above a specified diameter. A review of the literature discussing the silvicultural implications of diameter-limit cutting in both even and uneven-aged stands can be found in Wagner et al. (2001) . In general, diameter-limit cutting results in residual stands with less desirable phenotypic characteristics as the future seed source for the stand (Nyland 1996) . The result of this may prove dysgenic to stands, over repeated diameter-limit cuts (Wilusz and Giertych 1974, Maynard et al. 1987) . Maynard et al. (1987) stated that 'in terms of genetic consequences, diameter-limit cutting is like destroying the first, second, and third place finishers in every horse race, and putting the last place finishers out to stud!' Diameter-limit cutting is often thought to be the only way to harvest trees for a short-term high financial return with the smallest investment of time and energy (Miller 1993 , Nyland et al. 1993 , Grace 1997 ). This problem is not unique to New York. Similar results have been observed in West Virginia, the Lake States, Pennsylvania and New England (Jacobs 1987 , Gansner et al. 1990 , Nyland 1992 , Miller 1993 , Finley et al. 1997 , Fajvan et al. 1998 . Reed et al. (1986) and Erickson et al. (1990) reported higher financial returns from a 40.6 cm diameterlimit cut over a 22-year and 32-year study period compared to eight other cutting treatments in an uneven-aged stand. Smith and Miller (1987) , Miller and Smith (1991), and Miller (1993) reported that as the minimum diameter of a diameter-limit cut increased, the diameter-limit cut became more profitable than single-tree selection in an uneven-aged stand over a 30 to 40-year study period. Lu and Buongiorno (1993) and Buongiorno et al. (2000) found that it was possible to manage uneven-aged northern hardwoods sustainably with diameter-limit cuts combined with removal of poorly performing understory trees to obtain high financial returns and high levels of tree species and size diversity. Dwyer and Kurtz (1991) reported that a series of thinnings culminating in a shelterwood cut was more profitable than diameter-limit cutting over a 23-year period on an even-aged stand. Niese and Strong (1992) and Niese et al. (1995) found that diameter-limits cuts had the lowest economic returns and lowest tree quality as compared to three different levels of individual tree selection for a 20-year study period in an even-aged stand. Nowak and Marquis (1997) reported that diameter-limit cuts had lower financial returns in younger -but higher financial returns in older -even-aged Allegheny hardwood stands. Nyland (2003) found that the repeated diameter-limit cuts in uneven-aged stands will result in less regular and less frequent yields of volume and value than a selection system.
The mixed results of these past studies can be attributed to four factors. First, the stand conditions differed in terms of species composition, age, structure, density and residual stand growth in response to a given harvesting option. Second, varying degrees of diameter-limit cuts were compared for different thinning regimes and often against an uncut stand. This resulted in a wide range of residual stands, both even-aged and uneven-aged, and differing growth responses. Third, different stumpage prices, stumpage price appreciation rates, length of the study period, and interest rates and financial criteria were used to calculate the financial returns. Finally, not all of the above studies estimated volume growth by log grade.
Similar experimental designs were adopted in the research reviewed above. Each of the various harvesting methods was applied to a different stand and the growth of the residual stand was recorded. This growth was then analyzed financially to determine which gave the greatest net returns as measured by net present value (NPV), benefit/cost ratio or internal rate of return. The implication was that the harvesting method with the largest NPV was the best financial investment for the landowner.
1
A landowner choosing among different harvesting options is similar to the landowner choosing among different financial instruments (e.g. mutual funds, stocks, and bonds). Since landowners have a limited capital budge, they are faced with choosing the best investments (e.g. different harvesting options or financial instruments) under a budget constraint. In addition, the financial analyses undertaken in the diameter-limit studies cited above did not explicitly take into account the fact that individual landowners generally have only one stand, rather than many stands as in the field trials reported above. In this situation it is imperative to, at a minimum, distinguish investments using three attributes 2 : mutually exclusive vs. independent 3 , 2) divisible vs. non-divisible 4 , and repeatable vs. non-repeatable 5 . A landowner's decision to leave their single stand uncut precludes diameter-limit cutting it or thinning it, ceteris paribus. A stand is the smallest unit that landowners and foresters can manage effectively (Nyland 1996) . A diameter-limit cut is not a silvicultural cut; its purpose is to convert standing timber into cash. While the same stand can be subject to repeated diameter-limit cuts, there is growing evidence that stand quality will decline due to dysgenic effects from repeated diameter-limit cuts and this decline will increases with severity of the cut , Wilusz and Giertych 1974 , Maynard et al. 1987 , Nyland 1996 , 2003 . Diameterlimit cuts are not repeatable financially. A thinning within a management regime that is replicated would be repeatable (e.g. regenerate -thin -regeneration harvest); an isolated thinning out of this context would not be considered repeatable. The sigmoidal production function describing a stand's growth implies a no-cut 1 While no criterion for accepting or rejecting investments is infallible, NPV is the best criterion to use for accepting or rejecting investments (Clutter et al. 1983 , Gunter and Haney 1984 , Gregory 1987 , Copeland and Weston 1988 , Klemperer 1996 , Luenberger 1998 , Brealey and Myers 2000 , Davis et al. 2001 , Rideout and Hesseln 2001 . 2 This is not meant to be an all inclusive discussion of this topic. In the forestry literature, Clutter et al. (1983) , Gunter and Haney (1984) , Gregory (1987) , Klemperer (1996) , Davis et al. (2001) , and Rideout and Hesseln (2001) discussed why these attributes are important and some of the tools used when analyzing these types of investments. Similar discussions can be found in the finance literature (e.g. Copeland and Weston 1988 , Luenberger 1998 , Brealey and Myers 2000 . 3 Mutually exclusive investments are such that only one can be chosen. Independent investments are such that all projects could be adopted. 4 Divisible describes the ability to invest in part of a project; e.g. adding money to a savings account. Indivisible describes the inability to invest in part of the project; e.g. the purchase of a car. 5 Repeatable investments can be replicated with exactly the same sequence of cash flows.
harvesting option would also be non-repeatable, ceteris paribus. Consequently, a landowner choosing among different harvesting options on a single stand faces an investment that is mutually exclusive, non-divisible, non-repeatable.
Given the above considerations, the first purpose of this paper is to develop analytical models that allow the landowner to compare a decision to diameter-limit cut a given stand with other harvesting options consistent with the notion these are mutually exclusive, non-divisible, non-repeatable investments. The second purpose of this paper is to examine the harvesting option implications of the analytical models' results to changes in their financial parameters. Providing findings from this type of analysis to landowners will help them understand the importance of the interrelationship between financial and stand parameters when deciding whether a diameter-limit cut may or may not be the best financial solution.
ANALYTICAL MODELS FOR EXAMINING MUTUALLY EXCLUSIVE, NON-DIVISIBLE, NON-REPEATING INVESTMENTS
The following analytical models build on those described by Clutter et al. (1983) , Gunter and Haney (1984) , Copeland and Weston (1988) , Klemperer (1996) , Davis et al. (2001) and Rideout and Hesseln (2001) for examining mutually exclusive, nondivisible, non-repeatable investments given a limited capital budget, as well as deterministic asset allocation models described by Luenberger (1998) and Brealey and Myers (2000) . If investments are defined as mutually exclusive then valid comparisons among investments require accounting for differences in capital requirements or outlays and planning or investment horizons (Clutter et al. 1983 , Gunter and Haney 1984 , Copeland and Weston 1988 , Klemperer 1996 , Brealey and Myers 2000 , Davis et al. 2001 , Rideout and Hesslen 2001 . To simplify the analysis, in addition to assuming the landowner has only one stand it is assumed that the landowner's planning horizon is constant no matter what the investment 6 .
Accounting for differences in capital requirements necessitates an assumption concerning the potential reinvestment of any positive net cash flows and, more specifically, the potential reinvestment rate compared to a landowner's discount rate. Klemperer (1996) and Davis et al. (2001) defined the real discount rate as the earnings rate expected for projects of a given risk class net of inflation. Klemperer (1996) , Davis et al. (2001) and Bullard et al. (2002) discussed why there is no unique earnings rate for landowners; in addition, Klemperer (1996) stated that there is 'no universal risk premium'. Rather, a landowner's real discount rate depends on a number of factors unique to that landowner, including their time preference, objectives, alternative uses of capital and degree of risk aversion, as well as the variability of returns associated with each investment. The return on financial instruments such as mutual funds, stocks and bonds represents the potential reinvestment rate. Colin (1994) and Klemperer (1996) discussed why a landowner's real discount rate and the reinvestment rate could be different. However, a common assumption of the corporate finance literature is that the reinvestment rate is equal to the discount rate (Copeland and Weston 1988 , Luenberger 1998 , Brealey and Myers 2000 . In addition, landowners often use a financial instrument to benchmark their discount rate. To account for cases when the discount rate is the same as or different from the reinvestment rate and to facilitate the sensitivity analysis, two analytical models have been developed.
The first NPV formulation assumes the landowner will immediately reinvest any positive harvest returns in some financial instrument. This formulation is given by equations (1a) and (1b):
where:
NPV 0 = the net present value of a given harvesting option at t = 0 ($); TV 0 = H 0 + V 0 or the total net value of the stand at t = 0; V 0 = the residual stand value at t = 0 ($); V t = the future stand value at time t ($); H 0 = the harvest returns at t = 0 ($) (assume H 0 > 0); t = investment or planning horizon (years); r = the real rate of interest available on reinvesting the harvest value, H 0 ; i = the landowner's real discount rate; and p = the real average rate of increase in hardwood stumpage prices.
The terms H 0 , V 0 , and V t are calculated using ∑ s ∑ l P tsl Q tsl -C t where s denotes species, l denotes log grade, P denotes stumpage price, Q denotes the merchantable volume, and C denotes costs. The term TV 0 also defines the landowner's capital budget. The landowner's capital outlay for each harvesting option is given by V 0 = TV 0 -H 0 . The term H 0 is a positive net cash flow that will be reinvested in some financial instrument.
The term H 0 [•] in equation (1a) defines the benefit of reinvesting the harvest returns, and the term V t (•) t in equation (1b) defines the benefits of letting the residual stand grow for t years. Therefore, H 0 {•}, in equation (1b), defines the NPV of reinvesting the harvest returns and V t (•) t -V 0 , in equation (1b), defines the NPV of letting the residual stand grow for t years. The terms in the parentheses of equation (1b) account for the returns on any reinvestment and any potential increases in stumpage prices. A similar technique to account for increases in value was described by Goforth and Mills (1975) .
If the harvest returns are negative, H 0 < 0, the harvest is defined as precommercial cut.
7 Since negative returns cannot be reinvested, equation (1b) reduces to:
If the reinvestment rate is equal to the discount rate and the harvest returns are greater than or equal to zero, H 0 ≥ 0, then equation (1b) reduces to:
Equation (2) defines the second NPV formulation. An alternative interpretation of equation (2) could be that the landowner uses the cash generated from the harvest for immediate consumption.
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EMPIRICAL EXAMPLES
The empirical analysis compares four harvesting options: 1) a thinning, 2) a 40.6 cm diameter-limit cut, 3) a 30.5 cm diameter-limit cut, and 4) the original stand left uncut. These options are applied to two stands owned by two different landowners using the analytical models described by equations (1b) and (2). 9 Therefore definitions of the stand and financial parameters of equations (1b) and (2) are needed. The stand parameters are defined as the stand conditions and planning horizon. The stand conditions are summarised as species composition, structure, age, density, and stand growth (specifically volume changes among log grades). The financial parameters are defined as the real discount rate, reinvestment rate, stumpage price appreciation rate, stumpage prices, and costs.
Stand Parameters of the Analytical Models
Two northern hardwood stands were examined; one located on the US Department of Agriculture Forest Service's Kane Experimental Forest (KEF) in Pennsylvania and the other located on a New York State's Department of Environmental Conservation State Forest near Cuyler. The KEF stand was an even-aged, 75-year old northern hardwood stand dominated by black cherry in the 22.9 -55.9 cm diameter classes and sugar maple in the 2.5 -33.0 cm diameter classes, and had a mean stand diameter of 27.9 cm and a relative density of 108%. 10 The KEF stand was the result of a clearcut. The Cuyler stand was an even-aged, 75-year old northern hardwood stand dominated by sugar maple in the 2.5 -63.5 cm diameter classes and had a mean stand diameter of 39.6 cm and a relative density of 101%. The Cuyler stand originated from an abandoned farm field. Figures 1 and 2 present the diameter distribution and species composition of the KEF and Cuyler stands before any treatments, respectively. Figures 1 and 2 illustrate the typical reverse jshaped distributions associated with a mixed species, even-aged stands like the KEF and Cuyler stands (Marquis 1994) . Relative density is a percentage of absolute crowdedness for a stand of a given age and species mix (Gingrich 1967 , Ernst and Knapp 1985 , Stout and Nyland 1986 . The thinning entailed cutting both stands to 65% relative density, taking 75% of the relative density from below and 25% from above the mean stand diameter of merchantable stems. This thinning followed the guidelines developed by Roach (1977) , Marquis and Ernst (1992) and Nowak and Marquis (1997) for a typical crown thinning or a thinning from above in these two stands. The 40.6 cm diameterlimit cut removed all merchantable timber 40.6 cm and above, leaving the KEF stand at 87% relative density and the Cuyler stand at 64% relative density. The 30.5 cm diameter-limit cut removed all merchantable timber 30.5 cm and above, leaving the KEF stand at 80% relative density and the Cuyler stand at 39% relative density. The harvesting options and the projected growth of the residual stands for 20-years were modeled using the SILVAH stand growth simulator (described by Marquis and Ernst 1992) . SILVAH was developed to help make silvicultural decisions for hardwood forests such as those described by the KEF and Cuyler stands. SILVAH's growth and yield simulator predicts volume by log grade which is important in determining the value of a stand. The residual stand value, V 0 , future stand value, V t , and harvest returns, H 0 , are calculated by using the log grade distribution output from SILVAH. Log grading classifications used by SILVAH have been described in Marquis (1979), Miller et al. (1986) and Marquis and Ernst (1992) . A 20-year planning horizon is consistent with planning horizons described by Marquis (1994) for these types of stands.
Financial Parameters of the Analytical Models
The landowner's real discount rate is assumed to be 4%, following Row et al. (1981) and Niese et al. (1995) . The annual real returns on Treasury Bills, Russell 2000 Index, Standard and Poors 500 Index, Lehman Government/Credit Index, National Council of Real Estate Investment Fiduciaries Property Index, Morgan Stanley Capital International Europe, Australasia, and Far East Index, ranged from 2.13% to 10.15% for the period 1987 to 2001. Given this information, a tenable assumption is that the real rate available on reinvesting the initial harvest returns in a financial instrument is 8%. Sendak (1994) estimated that real north-eastern hardwood stumpage prices increased at an annual rate of 4.5% for the period 1961 to 1991. It is assumed that this rate also holds for the period 1999 to 2020 and does not change as log grade changes.
The stumpage prices by species and grade are based on the 1999 Winter Stumpage prices from the New York State Department of Environmental Conservation (NYS DEC) (Bureau of Land Resources 1999).
11 The most common price is assumed to be for grade 2 logs, the high price is assumed to be for grade 1 logs, and the low price is assumed to be for grade 3 logs. Veneer is assumed to be 15% greater in value than a grade 1 log. Generally, log grade increases as small-end diameter increases for a log of a given log length. The stumpage prices used are listed in Table 1 and Table 2 .
The estimated cost of thinning -removing unmerchantable trees, under 15.2 cm in diameter -is based on the work of Miller and Sarles (1986) . No estimate has been made of the potential cost differential between thinning and diameter-limit cutting. a The Bureau of Land Resources (1999) publishes stumpage prices by the most common, high, and low price. They do not publish stumpage prices by log grade. b One cubic metre = 0.2046 Thousand Board Feet (MBF) c Veneer was assumed to be 15% higher than Grade 1. d Grades 1 to 3 are assumed to correspond with high, most common and low prices, respectively.
11 New York State Department of Environmental Conservation collects and distributes stumpage price data in terms of the most common, high, and low stumpage price for a species, but not by log grade. 12 We are indebted to Dr Christian Zinkan, Dean of the Lundy-Fetterman School of Business at Campbell University, for pointing out this omission. A cost differential would cause the stumpage price received for the thinning to be lower than that received for a diameter-limit cut. The result would be that the NPVs estimated for the thinning harvesting option may be over estimated. Table 3 shows the results of the NPV calculations given the four harvesting options for the KEF and Cuyler stands. If the landowner can choose only one of the four harvesting options (i.e. a mutually exclusive investment) and if the landowner reinvests the harvest returns, then the best financial solution given the KEF stand is for the landowner to thin the stand. For the Cuyler stand, the best financial solution is to use a 40.6 cm diameter-limit cut. However, if the landowner does not reinvest the harvest returns, then the best financial solution given the KEF stand is to leave the stand uncut. For the Cuyler stand, the best financial solution is to thin the stand. a Denotes the net present value of a 0.4047 ha (one acre) stand. b 40D and 30D denote a 40.6 cm diameter-limit cut and a 30.5 cm diameter limit cut respectively.
EMPIRICAL RESULTS
The financial results for the KEF stand are consistent with the fact that 86% of its black cherry trees and 3% of its sugar maple trees are 30 cm and larger in diameter (see Figure 1) , these trees hold 95% of the stand's value, and if left to grow will increase in size, but more important is the increase in volume in the better log grades. More specifically, a change from a grade 1 log to veneer is most preferred; a change from a grade 2 log to a grade 1 log is next preferred and so on. Combining increases in stumpage price due to increasing log grade with price appreciation basically implies a larger price appreciation rate for those trees that have volume increasing in the better log grades than those trees that do not. This is especially true for the black cherry with respect to stumpage prices (see Table 1 and Table 2 ). If the harvest revenues are reinvested, the combination of net value growth of the residual stand due to a thinning plus the net value of the financial instruments is greater than for the other harvesting options. If the harvest revenues are not reinvested, the net value growth from leaving the stand uncut leads to higher returns than the thinning or diameter-limit cuts.
The financial results for the Cuyler stand are consistent with the fact that 20% of its sugar maple trees and 7% of its black cherry are 30 cm and larger in diameter (see Figure 2 ). These trees hold 95% of the stand's value, and again if left to grow they will increase in size, with increased volume in the better log grades. However, the stumpage price differential between log grades for sugar maple is not as great as for black cherry. If the harvest returns are reinvested, then the combination of net value growth of the residual stand due to the 40.6 cm diameter-limit cut plus the net value growth of the financial instruments is greater than for the other harvesting options. If the harvest revenues are not reinvested, the net value growth of the residual stand due to a thinning leads to higher returns than the other options.
The importance of the interrelationship between the financial and stand parameters may also be highlighted by examining the results for equation (2) from Table 3 . For a 30.5 cm diameter-limit cut, the KEF stand would have 54% of its residual trees distributed relatively evenly in the 13 to 28 cm diameter classes; the Cuyler stand would have only 16% of its residual trees in these diameter classes reflecting a size distribution skewed towards lower diameters (Figures 1 and 2) . The dominant residual commercial species is sugar maple in both cases. Second growth sugar maple in these diameter classes grow approximately 5 to 7.6 cm in diameter per decade (Burns and Honkala 1990) . Consequently, the KEF stand will have better net value growth in the residual stand as its sugar maple changes from pulpwood to grade 3 or grade 2 logs in 20 years. The NPV of net value growth in the KEF stand for the 40.6 cm diameter limit cut harvesting option is 6.6 times as large as the 30.5 cm diameter limit cut harvesting option. Thinning the KEF stand resulted in a NPV 12.2 times as large as the 30.5 cm diameter-limit cut. For the Cuyler stand, the increases in NPV due to net value growth arising from the 40.5 cm diameter-limit cut and the thinning harvesting options are 4 and 5.2 times as large, respectively as the 30.5 cm diameter-limit cut. Table 3 also shows the NPV of reinvesting the harvest returns, i.e. H 0 {•} of equation (1b). As is expected, reinvesting the revenue from harvest accounts for between 50% and 96% of the NPV calculated using equation (1b). In addition, the 30.5 cm diameter-limit cut generated the largest portion of its NPV consisting of the reinvested harvest returns, followed by the 40.5 cm diameter-limit cut and then thinning. For the Cuyler stand, these returns cause the best financial solution to change from a thinning to a 40.5 cm diameter-limit cut.
HARVESTING OPTION IMPLICATIONS OF ALTERNATIVE FINANCIAL PARAMETERS
The difference in the empirical results between the Cuyler and the KEF stands is due to the stand and financial parameters. For space reasons, only a limited sensitivity analysis is provided here, with the real discount rate, real reinvestment rate and real stumpage price appreciation rate are varied by ±2%, ±4%, and ±2%, respectively. In addition, 9 combinations of discount and reinvestment rate are examined using equation (2). The analyses are carried out for both the KEF and Cuyler stands. Tables 4 to 7 summarise the changes in the ranking of the financially optimal harvesting options. a T denotes net present value of thinning the stand. 30D and 40D denote the NPVs of a 30.5 cm and a 40.6 cm diameter-limit cut respectively. U denotes the NPV of leaving the stand uncut. b Denotes the baseline values of the discount, reinvestment and stumpage price appreciation rates. a T denotes net present value of thinning the stand. 40D denotes the net present value of a 40.6 cm diameter-limit cut. 30D denotes the net present value of a 30.5 cm diameter-limit cut. U denotes the net present value of leaving the stand uncut. b Denotes the baseline values of the discount, reinvestment and stumpage price appreciation rates. a T denotes net present value of thinning the stand. 40D denotes the net present value of a 40.6 cm diameter-limit cut. 30D denotes the net present value of a 30.5 cm diameter-limit cut. U denotes the net present value of leaving the stand uncut. b Denotes the baseline values of the discount, reinvestment and stumpage price appreciation rates. a T denotes net present value of thinning the stand. 40D denotes the net present value of a 40.6 cm diameter-limit cut. 30D denotes the net present value of a 30.5 cm diameter-limit cut. U denotes the net present value of leaving the stand uncut. b Denotes the baseline values of the discount, reinvestment and stumpage price appreciation rates.
Tables 4 to 7 reveal that no simple implications with respect to the harvesting options, such as 'if the reinvestment rate is greater than the discount rate the best financial solution is to diameter-limit cut the stand' can be formulated. For example, when the reinvestment rate is 12% the financially optimal management solution is to diameter-limit cut either stand. However, this implies a 30.5 cm diameter-limit cut for the Cuyler stand, but either a 30.5 cm or 40.6 cm diameter-limit cut for the KEF stand. In addition, it is not clear how much larger the reinvestment rate has to be relative to the discount rate for diameter-limit cutting to be financially optimal; a difference of 6% implies a diameter-limit cut for the Cuyler stand but a thinning or diameter-limit cut in the KEF stand. This uncertainty can be explained by the number of factors that influence the financially optimal harvesting option: the magnitude of the reinvestment rate relative to the discount rate; the magnitude of the stumpage price appreciation rate relative to reinvestment and the discount rates; volume changes among log grades as dictated by stand conditions and harvesting option; and price differentials among log grades by species.
Decomposing equations (1b) and (2) permits a systematic examination of the effect of these factors on the financially optimal harvest option. The right hand side of equation (2) is:
Let the term (•) t define the stumpage price appreciation discounting factor. If the stumpage price appreciation rate is equal to the discount rate, then this factor equals one. The NPV of equation (2) is then the difference between the residual stand value, V 0 , and the future stand value, V t . More specifically the difference is the volume change among log grades due to the stand growing for t years multiplied by the respective stumpage prices. The volume changes among log grades depend directly on the stand conditions and the harvesting option chosen. The value changes depend directly on species present and stumpage prices. Therefore, the landowner should choose the harvesting option and the time horizon that makes the difference between the future stand value and the residual stand value as large as possible.
If the stumpage price appreciation rate is less than the discount rate, then (•) t < 1; for example, in the empirical example when the discount rate is 6% and the stumpage price appreciation rate is 4.5%. If the landowner's goal is to maximise NPV given equation (2), then the landowner should choose the harvesting option and the time horizon that makes the difference between V t (•) t and the residual stand value, V 0 , as large as possible. However, if volume and value changes among log grades are not sufficiently large, then the NPV will be negative.
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If the stumpage price appreciation rate is greater than the discount rate, then the stumpage price appreciation discounting factor is greater than one; for example, in the empirical example when the discount rate is 4% and stumpage price appreciation rate is 4.5%. Again if the landowner's goal is to maximise NPV given equation (2), then the landowner should choose the harvesting option and the time horizon that makes the difference between V t (•) t and the residual stand value, V 0 , as large as possible. However, in this case it is possible for the NPV to be positive given that the future stand value is less than the residual stand value only if the stumpage price appreciation rate is large enough to overcome the lack of volume and value changes among log grades if V t < V 0 . 14 In the case of the KEF stand the implications from the above analysis would be to reduce the relative density to between 60% and 80%, which denotes a fully stocked stand (Ernst and Knapp 1985) , leaving as many of the sugar maple and black cherry 25 cm diameter and larger as possible, ceteris paribus. A 25 cm (33 cm) diameter tree would have the greatest probability of containing a grade 2 log (grade 1 log) at the end of the 20-year planning horizon. This will take advantage of the stumpage price differentials between log grades. The trade-off of this strategy is that fewer merchantable trees may be cut to offset the cost of the thinning. If the harvest returns from the thinning were negative, then equation (1c) would be used to analyze the investment.
In the case of the Cuyler stand the implications are similar; i.e. reduce the relative density to between 60% and 80% leaving as many of the sugar maple and black cherry 25 cm diameter and larger as possible, ceteris paribus. However, the diameter distribution of the Cuyler stand is skewed heavily towards sugar maple and black cherry trees less than 25 to 30 cm in diameter. The few sugar maple and black cherry trees that are greater than 25 to 30 cm in diameter hold more than 95% of the stand's value. This diameter distribution increases the probability that a thinning would have negative harvest returns. Equation (1b) not only contains the right hand side of equation (2), and its harvesting option implications as described above, but includes the term:
Let the term {•} define the reinvestment discounting factor. If the reinvestment rate is equal to the discount rate, then this is zero, as for example when the discount rate and reinvestment rate are equal to 4% in the empirical example. In this case, equation (1c) reduces to equation (2) . If the reinvestment rate is greater than the discount rate, then {•} > 0. The NPV of reinvesting the harvest returns is positive, i.e. the landowner has made money on reinvesting the harvest returns. If the reinvestment rate is less than the discount rate, then {•} < 0. The NPV of reinvesting the harvest returns is negative. To maximise the NPV of equation (1b), the harvesting option implications include those described for equation (2) plus the fact that the harvesting option chosen also defines H 0 .
Specific implications for harvesting the KEF and Cuyler stands are more difficult to describe. To maximise NPV under equation (1b), a trade-off arises between H 0 {•}, the NPV from reinvesting capital in some financial instrument, versus V t (•) t -V 0 , the NPV from investing in the stand. Comparing the results in Tables 3 and 4 for  the KEF stand and Tables 5 and 6 for the Cuyler stand highlights this trade-off.
If the harvest returns are negative, H 0 < 0, as is the case with a precommercial cut, then the analytical model is described by equation (1c). The right hand side of equation (1c) The discounting factor of equation (1c), (•) t , is the stumpage price appreciation discounting factor of equation (2). The harvesting option implications of equation (2) apply. The only difference is the initial cost includes both V 0 and H 0 ; consequently, V t (•) t must be greater than V 0 -H 0 if the above expression is to be positive.
The values defined by equations (1b), (1c), and (2) depend on the levels of the stand and financial parameters. The empirical examples illustrate that the tradeoffs are highly complex and difficult to predict intuitively; any change in levels of the stand or financial parameters could lead to quite different optimal cutting strategies.
SUMMARY AND CONCLUSIONS
No simple management prescriptions can be provided on how to maximise returns from diameter-limited cutting compared to other harvesting options. The financially optimal harvesting option depends on the stand and the financial parameters chosen by the landowner. As the empirical examples illustrate, even small changes in the stand or financial parameters could produce quite different optimal harvest strategies. For example, when the reinvestment rate was 12% the financial optimal solution was to diameter-limit cut either stand examined. However, this implied a 30.5 cm diameter-limit cut for the Cuyler stand, but either a 30.5 cm or 40.6 cm diameter-limit cut for the KEF stand. In addition, the required margin in reinvestment rate with respect to the discount rate was not clear; a difference of 6% in the Cuyler stand implied a diameter-limit cut while the same difference in the KEF stand implied a thinning or 40.6 cm diameter-limit cut. The relative magnitudes of the discount rate, reinvestment rate, stumpage price appreciation rate, and price differentials among log grades by species combined with the volume changes among log grades which are dictated by the stand conditions and harvesting option chosen provide the data necessary to make an informed decision concerning a landowner's stand management and utilisation. Therefore, the financial and stand parameters and the empirical results used in this study should not be viewed as 'rules of thumb' by landowners or forestry consultants. It is the role of the forestry consultant to work with landowners to determine the appropriate financial and stand parameters and harvesting options. Once these are enumerated, the analytical models outlined here can estimate relative performance of harvest options.
